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1 Introduction 



The study of weak gravitational fields has produced important results during the years. 
One of them is the prediction of gravitational waves for the non-stationary cases. This 
has been a very important area of research and many groups around the world are 
working on its detection through bars and interferometers (for a review involving the 
the experimental and theoretical parts, see for instance, [H 12 [3]). It is expected that 
they will be a reality within the next few years. 

From the theoretical point of view ADM's formalism [U [5] allowed for the first time 
to deal the gravitational field from a suitable point of view to study its mathematical 
structure. In particular the weak field was also incorporated into this framework. In 
the present case we are not considering the study of sources by themselves and all 
the analysis is performed in the vacuum. Many questions can also be treated for this 
case just as finding the corresponding ground state of the field, that is the vacuum. 
Some remarkable results dealing with this problem had been obtained previously by 
Kuchar j6] and Hartle [7]. In these works the canonical quantization and path integral 
procedures were employed to obtain the ground state wave function of linearized grav- 
ity. However there exists another method of quantization the so called deformation 
quantization formalism [8] that can be also applied to the gravitational field In 
a recent work we employed such technique to deal with some cosmological models in 
the minisuperspace [IT] . The present paper is motivated by the possibility to extend 
some of the results that we obtained there to some other interesting cases in general 
relativity and its approaches. 

The ideas of deformation quantization are based on the fundamental works of Weyl, 
Wigner, Groenewald, Moyal, Gerstenhaber and Vey (for some recent reviews and de- 
velopments on the subject, see for instance, [121 [13]) that evolved during the years until 
the introduction of the theory in its final form given by Bayen et al [8J. This quan- 
tization comes from a deformation of the usual algebra product of smooth functions 
on the classical phase space which then induce a deformation of the Poisson bracket 
algebra. It has been proved that this new product called the *— product exists for any 
symplectic or Poisson manifold [H|[T5]. In terms of this quantization it is not necessary 
the use of operators or even the introduction a Hilbert space, which in principle offers 
important advantages when we deal with systems whose phase space has non-trivial 
topology [UJ [15] . For these reasons we consider that this method is suitable to deal 
with certain problems at quantum level of the gravitational field in the phase space. 

The main goal of the present paper is to obtain by this procedure the ground 
state Wigner functional of linearized gravity and compare it with the previous results 
[HI [7J . At the same time we look for to present a new example of the application of 
the deformation quantization formalism, in particular to field theory, since there are 
just few of them. Finally, we also hope that the results presented here will motivate 
the application of this method of quantization to different configurations and problems 
involving the gravitational field. 

Our paper is organized as follows. In section 2 we introduce the conventions and 
notation of the linearized gravitational field required to apply the deformation quan- 
tization formalism. The deformation quantization of the linearized gravitational field 
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is performed in the temporal gauge and in the (TT)-gauge in section 3. In particular, 
in this same section, the Wigner functional for the ground state, the normal ordering 
operator and the graviton propagator are obtained. Finally in section 4 we give our 
conclusions and final remarks. 



2 Overview of the Linearized Gravitational Field 

We start by considering the Fierz-Pauli action defined in a Minkowski spacetime with 
signature (-, +, +, +) 

£ = -\h a ^ x - \h\ x h X \ fi + \h\ x h%+ + (1) 

where a, (3, etc. = 0,1,2,3 and etc.— 1,2,3. Along the paper it is assumed the 
Einstein's convention on the sum over the repeated indices. Moreover we have used 
the notation h a p t \ = Va/j^. The fields h a p(x,t) are dynamical, in particular for a 
(3 + l)-decomposition of spacetime, h 0Q , h 0i and hij are the relevant variables. The 
canonical momenta corresponding to these fields are 

5L 5L 5L , . 

oh 00 oh 0i dhij 

where h^ = h^^ = is the trace of h^. 

They can be computed from the action ([I]) and they take the following explicit form 

^00 — 2^ofc,fc5 = -h ak — -h 00k — hi k j, TTij = - [hij + 5ij(—h kk + h k)k j\ , (3) 

where h kk = Tr(%). 

The corresponding Hamiltonian can be written as 



H I d 6 x% 

d 3 x(ir 00 h 00 + 7t 0k h 0k + Kijhij) - L, (4) 
where L = J d A xL and the hamiltonian density reads 



h h - l - 

Z Z o Z 4 



% — Kij-Kij — -TTmm^nn + -^mmhok,k + -^0fc,fc^0M + -^00,m^«,m — -hu t mh k k,r. 



2 ^ofcjjTt^ofcjm ^h k i m h k [ m ^h m [ m h n i n ^hQQ n h mnm -\- ^h mnrn hn n . (5) 

In the present paper we are going to work in the temporal gauge where h a o = 0. In 
this gauge we have that the Poisson bracket (at the same fixed time) between h^ (x, t) 
and n kl (x, t) is given by 

{h tj (x,t),7T kl (x' ,t)} PB = 5 l3 kl 5{x - x') , (6) 
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where 5^ kl = + S^Sj). The rest of Poisson brackets vanish 

{h ij (x,t),h kl (x , ,t)} PB = = {^(x,t),n kl (x',t)} PB . (7) 

The standard expansion of the field variables in the temporal gauge reads 

f d 3 k ( h \ 1/2 ( \ 
hij(x,t) = J (2tt) 3 / 2 \2uj{^)) (^'(M) exp + t )ij(M) exp (-*£;•£) J, (8) 

where u(k) = |fc|, f)ij(k, t) = tyij(k) exp { — iuj(k)t} and k ■ x = kjXj. The momentum 
is given by 



/ 7^^W^(^(M)exp^^^ (9) 



(27r)3/ 2 y 2 a;(fc) 

where p 2J (A;, t) = p^(k) exp { — iu;(fc)t}. From Eq. ((3]) one can find 

pij(k,t) = —^-f)ij(k,t) + l -^5ij\)kk(k,t) + ^[5ijk k t)ok{k,t) - (kjt)oi(k,t) + hi)oj(k, t))] . 

_ (10) 

We will work with the decomposition into the transverse-traceless part (TT), the 
transverse part (T) and the longitudinal part (L) of this field 

hij (x, t) = h% T) (x, t) + h^\x, t) + hf(x, t). (11) 



Here the (TT) part satisfies the following conditions: 

"ij,k 



C T> = 0, tf, (TT, =0, C> = 0, (12) 



which is called the (TT)-gauge. 

It is well known that in order to work out with this (TT)-gauge is more appropriate 
(but equivalent) to solve the Gauss law constraint 

Vj7r ij (x) = 0. (13) 

Now the decomposition f JTT|) can be introduced through the introduction of a linear 
projection operator 

P* = S, t - (14) 

with the following properties: 

PjiPik = Pjk, Pjiki = 0, Pjj = 2. (15) 

The transverse traceless (TT), transverse (T) and longitudinal (L) parts can be written 
in terms of the projection operator as 

foik^CM) = PjlPmki)lm(k,t) - -Pjk(Plmhm{k,t)), 



^(M) = MM " PjlPmkhmfot). (16) 

If one fixes the (TT) gauge, only the (TT) components of hij survive and it results 
/ (^7* (2^)) ^ GXP ( i k-x)+t)*j TT \k, t) exp (-ik-x^j, 



(17) 



and 



= /(Sa©(^) (^rAOexp(«.£) +I ,ir(M)exp(-«.£)). 

(18) 

In this (TT)-gauge the Poisson brackets (Q should be severely modified since they 
must satisfy the Gauss' law ( fTBl . Then 

{hW&^Wtf )} PB = , (19) 

where S i; j kl ^ T is the transverse-traceless Dirac function and it is given by 

(20) 

Then working in the temporal gauge the field (x, t) can be written as 

+ (t)%\k,t) + i)f \-k,t) + $\k,t) + $ L) (-k,t)j exp (ik ■ *)}, (21) 

where efj = ef(k)ej(k) is symmetric and traceless in a and b with a,b = 1,2. Here 

e"(&j! are the two well known polarization vectors expanded by the (TT)-part. These 
vectors are orthogonal 

e1(k)e\(k) = 8 ab , k^(k) = 0. (22) 
Now the Hamiltonian (jlj) in terms of the decomposition ffTTj) reads 

H = J *x(*™«™ + "OK) + / (23) 



3 The polarization vectors e"(fc) correspond to e + and e x for a — 1 and a — 2 respectively. 
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where 

/ d 3 xH LG = [ d 3 k — \k k ^B* mm (k,t)A ok (k,t) + k m k k Aok(k,t)A* 0m {k,t) 
J J 8u(k) 1 ^ 

~~ 2 ~^{Cmin{k, t)B nn (k, i) + C mm (k, t)B nn (k, t)) + A n (C mm (fc, t)^4 0n (/c, i) + C mm (k, t)Ao n (k, t)) 
+ J d3k ^^ {^^(MMoKM) + \k\ 2 A* 00 (k,t)Au(k,t) - 

(k,t))}. (24) 

Here the coefficients can be expressed by 

A 00 (k, t) = t)oo(k, t) + ^ (-k, t), Au(k, t) = t) U (k, t) + &«(-£, t), 
Afcft *) = hok(k, t) + % k {-k, t), A mn (k, t) = t) m n(k, t) + fy* mn {-k, t), 

Brnm{k, t) = \)mm(k, t) — f) mm ( — A, t), C mrn (k, t) = —t)rnrn{k, t) + k m \)Q m {k, t). (25) 

It is easy to see that imposing the (TT)-gauge all the coefficients in f )24|) and 
consequently only the first term remains in f[2"3"j) leaving only the (TT)-contribution. 
Employing (TTT|) we have that the 3 components of t)ij(k,t) can be written as 

Om) = *>» (M) - rrr^rnAt) - ^wm) + ^^^wm) 

| A; | 2 | A; | 2 ^ | fc | 4 

1 -» 1 kik m -> 1 -> kk k 

~ -bmm(k,t)8 jk + -5 jk -^-t)i m (k,t) + -f)mm(k,t)-4r— (26) 

* * | k \ 2 * \ k \ 

^T(k,t) = J f t)mm(k,t)5 jk - 8 jk ^^-t)i m (k,t) - J) mm ft,£)-^- + k ° kl ^ mkk \) lm {k, t) 
^ \ | A; | 2 | A; | 2 | A; | 4 

(27) 

= n^WM) + nr^«*(M) - ^^WM)- (28) 
Then under an infinitesimal diffeomorphism we have 

f)y(£, t) -> f^ft, t) = fjyft t) + + a- (29) 
Therefore each part transforms in the following way 

y% T \k, t) = t,% T) ft t) + z u fc - kmU (30) 

O*' *) = t) - * U k - kUm, (31) 

V$ ) &t) = $l ) &,t)+t j j, + Z kJ . (32) 
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Thus it is evident that the sum 

f)H T) (M) + f)1P (M) = t)% T) ( £ t) + fjg) ( £ t) (33) 

is invariant under these gauge transformations given by an infinitesimal diffeomor- 
phism. The longitudinal (L)-part produces only an additional longitudinal term in 
of the form 

J d 3 k^ikj(c k (k,t) + c * k (-k,t)) +ik k ( Cj (k,t) + c*(-M)) Je** (34) 

Thus the gauge transformation does not change p l ^(k,t), H and any other (TT)- 
observable. 



Canonical coordinates 

Similarly to other cases dealing with fields one can introduce the canonical coordi- 
nates and their conjugate momenta (Qij(k), P l ^{k)^. Their relation with the f) and f)* 
variables is given as usual 



or 



(36) 

The Poisson brackets are now 

{Q l3 (k, t), P kl (k', t)} PB = 6^6$ - k'), 

{Q^(k,t),Q kl (k',t)} PB = = {P^(k,t),P kl (k',t)} PB . (37) 

All quantities previously discussed in preceding subsections can be written in terms 
of (Q, P) coordinates. For instance, the field is given by 

/d 3 k ( - - P l Hk) - \ 
, x 3/2 Qij(k) cos (k-x — oo(k)t) — sin (k - x — u(k)t) . (38) 
\ l71 ) 1 \ uj{k) J 

The momentum is given by 

Tr ij (x,t) = J (u{k)Qij{k) sin (k-x- ou(k)t) + P^(fe) cos (k-x- ui(fs)t)\ . (39) 

These coordinates also admit a decomposition in terms of the (TT), (T) and (L) parts 

Pij(k) = PiJ T \h) + P?\k) + P£\k). (40) 



4 In the literature about linearized gravity these coordinates are better known as (Q\^ (k) , Q y \k)), 
see for instance [5J. 
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3 Deformation Quantization of Linearized Gravita- 
tional Field 



Deformation quantization in the temporal gauge 

We deal now with the quantization of the linearized gravitational field in terms of 
the Weyl-Wigner-Groenewald-Moyal (WWGM) deformation quantization formalism. 
This quantization is carried out in the temporal gauge thought at the end of this 
section will be briefly mentioned as look like the quantization in the (TT)-gauge. 

Now following the results of [11J we construct first the Stratonovich-Weyl quantizer 
and the Moyal *— product corresponding to this system. In that reference it was used 
the WWGM formalism in the Wheeler's superspace. In the present paper however we 
prefer to use equivalently the Fourier dual, thus lets consider the fields at the moment 
t — and employ \)ij(k, t) and p^(k, t) as the coordinates of the phase space Z L q. 

According to the Weyl's rule if F — F[t)ij, p 4 - 7 ] denotes a functional on the linearized 
gravitational field phase space Zlq then we can assign to the functional F the following 
operator F 

F = W{F[t )ij (k),p ij (k)}) := J P(^)P^(ftF[^®,p^®]^[^(fc),p^(fc)], 

(41) 

where W is the Weyl correspondence map (or Weyl's image) which is an isomorphism 
and Q stands for the operator valued distribution given by 

% ij (k),? i (k)] = J P(^^)P/^(£)exp{-z j d 3 fc^"(fc)^-(fc)+A*ii(fc)p y (fc))} 

x exp |i J d 3 k^\ lj (k% 3 (k) + ^{^{kYj j, (42) 

where t)ij(k) and are the field operators. These operators satisfy the commutation 

relations 

[[ }tJ (k),p M (k')]=thS lJ kl 5(k-k'), (43) 

and they are defined such that acting on the corresponding states | and |p y '(fc)) 
fulfils the following relations 

?<,®|&y$> = M*)IM$>> ^(W^k)) = P ij 0)\p ij 0)) (44) 
and the completeness property that 

PM£)IMfc))(Mfc)l = i, 



2nh 

where 1 stands for the identity operator. 



V{^)\pHk))(pHk)\ = l, (45) 



8 



These operators can be separated into three parts according to Eq. ffTTj) 

^(^) = K ( r ) (^)+K ( J¥)+l ( f(^), 

f'J(k) = (jfe) + pW) (jfe) + $V(L) ? ( 46 ) 

such that their corresponding states can be written as 

\p*>(k)) = \p ij{TT) (k)} g> |p ii(T) (£)> ® |p ij(L) (^))- (47) 
The commutation relations for this operators are given by 

iW\k),r {TT \k<)] = l hs^s(k-k'), 

[^\k),p kl(T \k')] = th6 tJ kl 5(k-k'), [i)l-\k),p kl ^(k')) = ihS^k-k'), (48) 

while all the others are equal to zero. 

The operator Q defined in Eq. (j42p is the linearized gravitational field equivalent of 
the Stratonovich-Weyl quantizer employed in the deformation quantization of classical 
mechanics and we will proceed to call it in the same way. 



The Star-Product 

We can obtain now the Moyal ^-product for the linearized gravitational field. Let 
F[\)ij(k),p tj (k)] and G[fjy(fc),p w '(fc)] be two functional on Z LG , and let F and G be 
their corresponding operators given by the relations 

F[M4P^(£)] = W~ l (F), G% 3 (k)^{k)} = W-\G), (49) 

where W _1 stands for the inverse Weyl correspondence. 

In a similar way we can look for the functional which corresponds to the product of 
the operators FG. We will denote this functional by (F-kG)[f)ij(k), and following 

[TT] we will also call it the Moyal ^-product. Then we define the star product as 

(F -kG)[t)ij(k),p ij (k)] := W-\FG) = Tr|o[^, p ij ]FG j. (50) 

Substituting (T4T|) into (150]) and after performing some calculations one obtain the 
following result 

(F -k G)[t)ij(k) , p ij (k)] = F[^(k),p^(k)}exp {% V LG ) G^k), p ij (k)\, (51) 



x 2 

where Vlg denotes the Poisson operator for the linearized gravity and it is given by 

? k: j a (XX-XX). (52) 

9 



This operator can be expressed in terms of the (TT), (T) and (L) components of f)jj 
and p 1 - 7 as follows 

V LG = I d 3 k{ 



+ / ef fc 



5^ T) (fc) <5p^ TT ) (fc) 5p^ TT \k) 5^ T \k) 
<— — >• <- — > 

5 5 5 5 



+ / d 3 k 



6^ ] (fc) 5p^ T ) (fc) 6yi( T ) (fc) (Jfjjp (fc) 
<— — > <— — > 

5 6 5 5 



5^\k) 5p^ L ){k) 5p^ L ){k) 5^>{k) 



HJ \5^ T \k)5^ TT ){k) 5\)*^ TT )(k)5^ T \k) 
+ / d 3 k 



■f— — > <— — > 

5 5 5 5 



5^\k) 5t)*v( T )(k) 5t)*^ T \k) 5^\k) 

+ /W * 1 * M ) (53) 

J \5\)f(k)5^ L )(k) 5t)*v( L )(k)5i)%\k)J S 

In terms of the canonical coordinates we have the Poisson operator can be written as 



•o- 



Vlg= I d'k 



5 5 



5Q^ T) (fc) 5Pv ( TT ) (fc) 5P^ TT ) (fc) 8Q% T) (fc) 
5Q^\k)5P^ T ){k) 5P^ T ){k)8Qf{k) 

+ id* k ( I- i , - a (54) 

' \<fQg°(]fc) 5P^ L )(k)5Q^\k)J 



Wigner functional 

Let denote now by Pp/iy S the density operator of a physical quantum state of the 
linearized gravitational field, then the Wigner functional p w [t)jk, fy*jk] corresponding to 
the pure state can be obtained by 

P w [t)jk(k), i)* jk (k)} = Tr{Q[l) jk , Kj k \Pphys}- (55) 

In order to obtain the Wigner functional we need to solve the constraint f JT3|) at the 
quantum level in the following form 

V j n ij {x)\^ phys ) = 0, (56) 
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which is a constraint on the Hilbert space of states. In similar way as in [16] we 
introduce the equivalent form of fl56l) in the /i-representation of the wave functional \I/o 

V y(i)»„ = -iV j ^ = 0. (57) 

From Eqs. fl9]) and f TTOT) we obtain that the constraint equation yields 

+ ^ [^(M) + + ^[MM) + f^(-M] } e** = 0. (58) 

The last equation is fulfilled if and only if the following condition holds 

p ij(L) {k, t) + p* ij ( L \-k, t) = 0. (59) 

Or equivalently 

t)ll\k,t) + t ) ;i L \-k,t) = o. (60) 

In this way at the quantum level the constriction equation in terms of operators on 
the Hilbert space reads 

[?ofc(fc)+?Sfc(-*)]l*^> = 0. (61) 

Using now the deformation quantization approach the previous equation can be written 

as 

[W£) + f4(-£)]*p£ } = 0, (62) 

which leads to 

[MAO + K k (-k)}pW + \ (-^l - TT^y = 0, (63) 

Thus this equation will be satisfied if and only if the following couple of equations 
is fulfilled 

+ V ok (-k)]p ( w = U (64) 

and 



So {L) 5o {L) 
A solution for pff is then given by 

P { w ] ~5{p^ L \k)+r m {-k)) 

~S%k(k) + K k (-k)). (66) 
In terms of the (Q, P)-variables, the longitudinal Wigner functional is 

P ( w ] ~ 8(Q$(ft + Q [ £(-k)) ■ 5(P^\k) - P^\-k)). (67) 
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The ground state is defined by the following equation in the Hilbert space 

^(M)|<W> = 0, (68) 
which in terms of the ^-product reads 

C T) W*/C ) = - ( 69 ) 
With the aid of expression fl53l) we get 

cwr+i-jl^o. (To 

Finally, the solution to this last equation is 

P { w W\ fT (TT) ] = ^exp (-2 / £W^\m% T) w) > ( 71 ) 

where A stands by a normalization constant. It is easy to write the solution in the 
normal coordinates (Q,P) which reads 

pZ? = Ae W j-I / Sk^^J T \k)P^ T \k) + u\k)Q^\k)Q^\k)) 

(72) 

Thus the general solution p Wo simultaneously satisfying Eqs. f[6"2"j) and f[6Uj) can be 
written as 

(TT) (L) 
PVKo - Pw ' PVK 

= Aexp (-2 j d 3 kr j{TT \k)^ T) (^ ■ 8{f)$$,t) + i)li L \-k,t)) (73) 
or in terms of (Q, P)-variables we have 

PWo = Aexpj-1 / d 8 ^^(^^(^ + w 2 (fc)g^(fc)g^(fc) 

x 5(Q^(^) + Q^M)) • *(^(?) - 4 L) (-^))- (74) 



Normal ordering 

When we are dealing with fields at the quantum level it is usual to employ the 
so called normal ordering of field operators. This ordering can be extended within 
the deformation quantization formalism defining a proper operator acting over the 
functionals on the phase space. For the case of the linearized gravitational field we 
denote it by j\f^ TT ^ which acts on the (TT)-gauge invariant functionals on the phase 
space Zlg- If is written as 
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Af( TT ):=expi-i J d 3 k 



8\)^ T \k)5\)*^ TT ){k) 



exp J -- [ d 3 k — | - — )■ (75) 

' 5 2 7 8P^ T \k)5P^ TT \k) u{k)5Q^ T \k)5Q^ TT ){k) ( 

In this way, if 0^[i)\J^(k,t),\)^^(k,t)] represents any gauge invariant func- 
tional on Zlg and 0^ TT ^ its corresponding Weyl's image i.e. for operator = 
W(C>( TT ^[t)iJ T \k, t), f)* l ^ TT \k, £)]) the normal ordering operator associated is given by 

: 6<™ := W{^0[M%,t),p^t)]). (76) 



Correlation functions 

Let O be an invariant quantum observable and let po phys be the density operator of 
a physical ground state. Then one quickly finds that the expected value in the ground 
state |0) reads 

(77) 



The correlation function of N observables O a = 0[hij{x a ,ta),iT i: >{x a ,t a )), with a = 
1, • • • ,N can be expressed in the deformation quantization approach by 



(O 1 ---O N ) = (0\O 1 ---O N \0) 

'-vd ) ★ • • • * w- 1 (3m) o... rh.-, . u«i 

(78) 



where W _1 ((9 a ) = a . Of course the same is valid in the normal coordinates (Q,P) 
system 



(O 1 ---O N ) = (0\O 1 ---O N \0) 

»i *---*CW„ [Q.-.-.^'l 

(79) 



/ P(S)PQ u 1 * • • • * [Qij, P ij ] 



Propagator 

Once the correlation functions are defined in this formalism we would like to com- 
pute the propagator of the graviton. In order to perform the functional integration 
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it is convenient to use the scheme of canonical coordinates. It is easy to see that the 
factorization of the Wigner functional ( I74p and the consideration of a gauge invariant 
observable^) in the following form 



lead Eq. (179)) reduces to 



(0|% ( x >t)-%i 0M)l°)~" 



(81) 

Here in order to make the procedure simpler we proceed to compute f!79|) with only the 
first term in flHUj) . 

In order to compute this correlation function one has to compute first (x, t) * 

( r p r P\ 

h% >(# From fl35J) one can observe that it is given by 

7 (XX) / -> ,n , (XX) ,/s /" rf 3 ^' 



« v ' 7 fc< v ' y 7 (2tt) 3 / 2 (2tt) 3 / 2 

x i QiP 1 (fc) * QiP (#) cos e cos e ' - Qir ) (*) * fcj cos 9 sin e' 
I u{k') 

- * qZ T) (k') sin 9 cos 0' + * ^ i j sin 9 sin 6' I (82) 

u(k) u(k) u(k') J 

where = k ■ x — u(k)t and 0' = k' ■ x! — u{k')t' . Performing the star product with 
the aid of (l54"j) we observe that the first and the fourth terms have not corrections in 
h, while the second and the third ones do. From the second term we have 



u(k>) 3 u{k>) 2uj{k>) 



QXj \k) * kl " ' = Q\y } (k) kl " ' + —^-SaSflSik - k') (83) 



and similarly for the third term 

* QirW) = - - *?)• (84) 

u;(/c) a; (re) 2u{k) 

Once we substitute (1831) and (154"j) into (1521) and subsequently into (15Tj) . the first term 
in (1831) and (1541) contributes to (1511) as an odd integral of the form j dxexp(— ax 2 ) ■ x 
and consequently the them vanish. Thus the only contribution to the integral (15Tj) 
come from the second terms of (153|) and (154|) . In this case we have a factor which is 
independent on the canonical variables (Q, P) and therefore can be factor out from the 



5 Another important observable in the theory of gravitational waves is the Isaacson energy tensor 
Tap W = Csjo' 'h'^/j ') > which is very important to estimate the energy flux that carries the gravita- 
tional wave to be detected. The quadrupole expansion of the gravitational radiation in the (TT)-gauge 
also produces important observable quantities relevant in the detection of these waves. 
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path integral giving the same gaussian integral in the numerator and the denominator 
and consequently they going to cancel out. Thus the second and third terms give rise 
to a contribution to integral ( 18 ip of the form 

d 3 k ih f- -> \ 

-SifrSji ■ sin I k ■ (x — x) — u(k)(t — t') J . (85) 



(^) 3 2u(k) 

The star product from the first and fourth terms from (1821) have no correction 
in h. For the first term its is gaussian in variable P and will cancel out with the 
denominator. The integral in Q is of the form J dxexp(— ax 2 ) x ■ x and it is not zero. 
For the fourth term the Q-integral cancel out and the integral in P is also of the 
form J d^Yj) exp(—ap 2 ) p ■ p and it gives a non-zero contribution. Therefore the total 
contribution from first and fourth terms is 

d 3 k h ( - \ 

—8^1 ■ cos [k ■ (x-x') - u(k)(t -t')). (86) 



W2u{k) 

Gathering all, one realizes that the total contribution to the integral ([8*1]) gives 
finally the propagator and it is given by 

(0\h% T \x,t)-h ( £ T \x',t')\0) = J 5 ik S jt exp ji (k- (af-aO -u(k)(t-t') 

(87) 

This clearly a non-covariant propagator and it is the obtained here. Moreover consid- 
ering the symmetry of the indices (ij) and (kl) and the traceless condition of hij we 
have 

/d^k h 
(2?r)3 % (SikSn + 6u6 jh - V«) 

x exp lit k- (x - x') - u(k)(t - t')} \. (88) 



Moreover from this last equation the covariant propagator can be reconstructed by 
taking into account the time ordering 

G m (x,x') = 6{t - t)(0\hij(x) -hkiix'M + 9{t' - t)(0\h ij (x') ■ h k i(x)\0), (89) 

where x is the four-vector x = (x°, x), k = (k°, k) and k ■ x = k^x^. Thus we have 

G ijk i(x, x') = [ — ' l -=r(6ikSji + 5u5 jk - Sijdki) 



x 



(2vr) 3 2u;(fc) 

6{t - t') exp {ik -(x-x')} + 6{t' - t) exp {-ik- (x-x')} 



,(90) 



where 9(t) is the Heaviside function. It is an easy matter to see that the covariant 
propagator reads 

G^(x,x') = hj 0^ ^ pVua + V ^ 2 UP - ^^ )exp {ik-(x-x')}. (91) 
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This is precisely the graviton propagator in the literature found by the deformation 
quantization method. 

Deformation quantization in the (TT) -gauge 

Now we briefly discuss the deformation quantization of the linearized gravity in 
the (TT)-gauge (jT2J) or f[T3")) . In this case the Poisson brackets are given by (fl^j) in 
terms of the traceless transverse delta function (1201) . Moreover hij(x,t) and n^(x,t) 
are no longer independent variables. Thus the suitable variables are (t)[J T \ f)* y ( TT )) or 

(Qj-J T \ P l tt TT }). Furthermore the Gauss law constraint ( !T3|) is automatically satisfied. 
Consequently it is eliminated the longitudinal parts from all formulas obtained along 
the paper. Then the resulting equations constitute the formulas for the deformation 
quantization of the linearized gravity in the (TT)-gauge. 



4 Final Remarks 

In this paper we have applied the WWGM formalism to the linearized gravitational 
field. The Weyl's correspondence is explicitly developed and the Stratonovich-Weyl 
quantizer, and the star product are constructed. These results were used to obtain the 
Wigner funtional pw for the ground state. It is found that this functional factorizes 

_____ _ _ ( r F r P\ 

into two parts (see Eqs. (175]) and ( J74|) ) one is the (TT)-component p Wo and other 

one pyy depending only on the longitudinal part (L). Thus within the deformation 
quantization formalism we recover the same form for the Wigner functional of the 
ground state found by Kuchar [6] in the context of canonical quantization and by 
Hartle [7J in the path integral quantization. 

Since deformation quantization is the quantum mechanics on the phase space our 
formulation was explicitly non-covariant, however similarly to the electromagnetic case 
in the temporal gauge, the formulation is shown to be covariant at the end of the 
quantization procedure. 

In addition the normal ordering and the correlation functions were defined and the 
explicit computation of the propagator for the graviton was explicitly performed in 
Sec. 3. 

Deformation quantization is a well established procedure in quantum mechanics, 
however in the context of field theory it still must be confirmed thought working out 
examples of theories of different nature. It is the goal of the present paper to continue 
exploring such possibilities in order to test this formalism and bring more evidence of 
the validity of the formalism to work in the future more complicated cases. We consider 
that deformation quantization possesses various advantages in order to deal with these 
complicated problems as to treat systems with phase spaces topologically non-trivial 
or with curved phase spaces. For these cases the canonical quantization could lead to 
the existence of non-hermitian operators which is avoided in deformation quantization 
as a result of the use of classical objects instead of operators. For these reasons more 
examples and further research is needed to develop this approximation. 
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